In this paper, we study the convolution sums involving restricted divisor functions, their generalizations, their relations to Bernoulli numbers, and some interesting applications.
Introduction
The Bernoulli polynomials B k (x), which are usually defined by the exponential generating function We set B k = B k (). It is obvious from the way the polynomials B k (x) are constructed that all the B k are rational numbers. It can be shown that B k+ =  for k ≥ , and is alternatively positive and negative for even k. The B k are called Bernoulli numbers. http://www.journalofinequalitiesandapplications.com/content/2013/1/225
Throughout the paper, we use the following arithmetical functions and q-series (sometimes defined by product expressions). For any integer N ≥ , l, s ∈ N ∪ {}, we define For q ∈ C with |q| < , we consider the q-series: 
where N is an arbitrary positive integer. Glaisher [, , ] extended Besge's formula by replacing σ  (N) in the convolution sum in () by other arithmetical functions; for example, he obtained
and
Recently, Hahn [] showed that
It is also interesting to note that the arithmetical functions (for example, τ (n) and a(n)), coming out as coefficients of the q-series expansion of its corresponding q-products, do http://www.journalofinequalitiesandapplications.com/content/2013/1/225 appear in the explicit evaluation of certain convolution sums. For instance, Lahiri (see [] ) proved that
and from Alaca and Williams (see [] ), we observe that
In Thus the study of convolution sums and their applications is classical and they play an important role in number theory. The aim of this article is to first extend and generalize Glaishers formulas (stated in () and ()). We indeed study the sums (in Section )
Then, we study and evaluate (in Section ) sums of the type
As applications to our study and evaluations of convolution sums, we show that A(q), B(q), and C(q) are connected by a second-order differential equation (see Theorem .).
In Section , we also prove some interesting congruence relations involving the coefficients of modular-like functions and divisor functions (see Theorem .). As a sample, we obtain that if N ≡  (mod ), then the congruence
holds.
In Section , we present a generalization of Besge's formula by considering certain combinatorial convolution sums (see Theorem .). It should be noted that Proposition ., Theorem ., and Remark . exhibit amply the connection between the convolution sums and the Bernoulli numbers. Finally, we record special values of a(N), τ (N), b(N), c(N), and l(N) (for  ≤ N ≤ ) and some convolution formulas in the Appendix. http://www.journalofinequalitiesandapplications.com/content/2013/1/225 2 Some weighted convolution sums
Proof We observe that
and thus
Proof We note that
Then, for the second term on the right-hand side of (), we replace k by N -k in Lemma . and obtain
This shows that
So, () can be written as
Here the left-hand side of () is
Therefore we have
This completes the proof.
Remark . In general, we can express
as a combination in terms of the sum
with their coefficients being polynomials in N of degree at most (l + ). http://www.journalofinequalitiesandapplications.com/content/2013/1/225
Lemma . For l, N ∈ N and f , g : N → C, we have
Proof We note that (for l ∈ N),
Observing the fact that
for any l ∈ N, we obtain
This proves Lemma ..
Remark . By iteration process, in principle, the convolution sum
Lemma . For f : N → C and N ∈ N. Then we have
Proof From the cyclic transformation, r → s → t → r, we observe that
Therefore, we have
Proof As in Lemma ., again by the cyclic transformation r → s → t → r, we observe that
Therefore, we get (from () and ())
,
This proves Lemma ..
The convolution sum
N-1 k=1 σ * 1 (k)σ *
(N -k) and its extensions
In particular, we have
which can also be seen in [, p.].
Proof We can know that
Proof For the sake of completeness, we just hint the proof of (b). We note that σ *
by (). The proofs of (a), (c), and (d) are similar to (b).
Remark . Using Eq. () and Lemma ., we obtain
We note that
and hence, we use Eq. () and Eq. () to obtain the result.
where p = q +  is an odd prime. Then
where the coefficients a, b, c, d are listed in Table  . Table 1 Coefficients for p = 2q + 1 
from Table  . Now, we compare the values of the convolution sums in Table  
Theorem . The q-series A(q), B(q), C(q) are connected by the differential equation,
where q
Proof We note that 
Proof From Proposition . and Eq. (), we can deduce that
Now, we note that
Therefore, the theorem follows from Eq. () and Proposition .(b).
Theorem . Let N be a positive integer and let m, n ∈ N ∪ {}. Then we have (N -k); 3) and 
Now, the theorem follows from (), Proposition .(a), (b), and Eq. ().

Remark . We can compare the two sums
as follows (see Table  ). Here we find the formula for the sum
in a similar way as in Theorem . (see [, Theorem .]).
Congruence relations of coefficients of certain modular-like functions
Lemma . Let n ≥ . Then we have 
Remark . It is easy to observe that
when N is odd.
As an application to the explicit evaluation of convolution sums, using Table  we prove the following theorem.
). (c) τ (N) ≡ σ  (N) (mod ,). In particular N ≡  (mod ), we have τ (N) ≡ σ  (N) (mod ,,).
Proof Since the proofs of (a), (b), and (c) are similar, we only prove (c). When N is odd, from Table  , we see that
Since N is odd, k ≡ N -k (mod ), and hence either k is even or N -k is even. Then, by (),
In particular, for N ≡  (mod ), we have Table  and If n ≡  (mod ), then there exists a prime p ≡  (mod ) satisfying p i- |n and p i n. Thus
Therefore, we obtain
Arguing in a similar manner as in (), we get
Using σ *  (l) =   σ *  (l), (), and Table  , we get
Therefore, by (), (), and (), we have Table  .
Corollary . Let N ∈ N. Then we have Table  . Table  . Proof Since the proofs for the convolution sums are similar, we only prove
In particular, if N is odd, then we have
by (). Also since k - and N -(k -) are odd, we find that
So, we obtain the formula for Table  , we can obtain the following example. For k = , we refer to Eq. ().
By eliminating b(N), c(N), and l(N) in
Now we present some convolution formulas in Table  .
Certain combinatorial convolution sum
The four basic theta functions are defined below following the notation of Whittaker and
cos Nz. http://www.journalofinequalitiesandapplications.com/content/2013/1/225 
14,880 {341σ 9 (2N) -65,280σ * 9 (N) -620 (3N -1)σ 7 (2N) -31σ 1 (2N)  -6,720l(2N) + 1,720,320l(N)  -210c(2N) + 53,760c(N 
From () and (), we deduce that 
A generalized Besge formula due to Liouville is as follows. 
where B j is the jth Bernoulli number.
Let Now the right-hand side of () is
by (). Therefore we obtain Remark . It is well known that
In Proposition ., taking N = , we obtain
and this implies the well-known identity involving the Bernoulli numbers B j
In Theorem ., taking N = , we obtain
Then we have
Using () and (), we get and hence again we obtain a more general relation between Bernoulli numbers and the Faulhaber sum
See, for example, [] .
Appendix
The Tables ,   , , , and  respectively. We first write the corresponding product expression into a q-series sum of a finite number of terms (i.e., q-series sum of N number of terms) with an error which tends to zero as N → ∞. Then we use Mathematica . to compare the corresponding coefficients up to N ≤ . Evaluation of certain convolution sums: We have Table  . 
